Abstract. A combinatorial formula for Pfaffian for the universal enveloping algebra U (ô 2n ) of the affine Kac-Moody algebraô 2n is proved. It allows easily to compute the image of this Segal-Sugawara vector under the Harish-Chandra homomorphism and to deduce formulas for classical Pfaffian of universal enveloping algebra U (o 2n ) of the even orthogonal Lie algebra.
Introduction
Let U(g) be the universal enveloping algebra of a simple Lie algebra g. The HarishChandra isomorphism identifies the center Z(g) of the algebra U(g) with the algebra of polynomials over the Cartan subalgebra h of g that are invariant under a certain action of the corresponding Weyl group W . The elements of Z(g) act in finite-dimensional irreducible representations of g by multiplication by scalars, and these eigenvalues can be found from the images of central elements under the Harish-Chandra isomorphism.
For the even orthogonal Lie algebra g = o 2n the center is generated by n elements those images under the Harish-Chandra isomorphism are W -invariant polynomials over h of degrees 2, 4, 6, . . . , 2n−2 and n. There are several constructions that define these generators explicitly (see, e.g. [5, 8, 10, 12] ). In particular, the generator of degree n can be realized as a noncommutative Pfaffian of a certain matrix with coefficients in U(o 2n ). Namely, in the notations of Section 2, if F is the 2n × 2n matrix those entries {F ij }, (i, j ∈ {−n, . . . , −1, 1, . . . n}) are standard generators of U(o 2n ), and J 2n is the matrix of the form that defines o 2n , the Pfaffian ofF = F J 2n is the central element defined by the formula Pf (F ) = 1 2 n n! σ∈S [−n;n] sgn (σ)(F J 2n ) σ(−n)σ(−n+1) . . . (F J 2n ) σ(n−1)σ(n) .
(1.1)
In [4] a combinatorial formula for PfF is proved, which (with some change of notations to match the notations of this note) can be formulated as follows: Here for a subset I of {−n, . . . , −1}, the setĪ is the complement of I in {−n, . . . , −1}; a submatrixF IJ is defined byF IJ = (F ij ) i∈I,j∈J ; ρ(k) stands for the diagonal matrix ρ(k) = diag (k − 1, k − 2, . . . , 1, 0); the expressions det (FĪJ + ρ(|J|)), PfF −J J , PfF I −I are certain noncommutative analogues of the determinant and Pfaffian of a matrix; sgn(Ī, I), sgn(J, J) are the signs of certain permutations. (We refer the reader for full details to [4] .) The 
In particular, for i, j, k, l ∈ [−n; n] one gets 
where the sum is over all permutations of the elements of the set [−n; n]. By Lemma 4.3 in [6] , the Pfaffian ofF [−1] is an element of Feigin-Frenkel center z(ô 2n ). Our goal is to prove a combinatorial formula for PfF [−1] that, in particular, allows easily to compute the image of this Segal-Sugawara vector under the Harish-Chandra homomorphism. As in [9] , it is convenient for us to express Pfaffian-like elements as coefficients of powers of certain two-forms. Consider the algebra Λ generated by elements {e i } i∈[−n;n] with the defining relations e i e j = −e j e i for all i and j. Define the U(ô 2n )-valued two-form
Lemma 2.1.
Proof. (cf. Proposition 1.1 in [9] and Lemma 4.1 in [4] ): 
= e −n e −n+1 . . . e n−1 e n 2 n n!PfF [−1].
3
We also introduce the following forms:
e j e −j ,
The following properties of the forms hold:
Lemma 2.2.
Proof. All of these relations can be checked directly. We illustrate this with calculations of (2.4). With i, l ∈ {−n, . . . , −1} and j, k ∈ {1, . . . , n}, 
From now on we will use the following notation: for a non-negative integer a and a partition
Proposition 2.1.
where the sum is taken over all partitions α = (1 
where the sum is taken over all ordered l-tuplesā = (a 1 , . . . , a l ), with 0 ≤ l ≤ m, a i ≥ 1 and
.
m is the sum of monomials of the form
where p i ≥ 0 and
and we obtain that the terms of the monomials (2.9) can be permuted to obtain that
with certain coefficients c(ā, m) and the sum taken over all ordered l-tuplesā = (a 1 , . . . , a l ) that satisfy a i ≥ 1 (i = 1, . . . , l), a = l i=1 a i . Our goal is to compute c(ā, m). Fix the 5 ordered l-tuple (a 1 , . . . , a l ) and consider the corresponding term in the sum (2.11). We use the following notations:
Then from (2.10),
We compute the sums of this expression starting from the last one. Recall that
We get
Similarly,
and
By induction, 
is a partition of a, and
where the sum is taken over all partitions α = (a 1 ≥ a 2 ≥ · · · ≥ a l ≥ 1) of a, and
-the sum is taken over all distinct permutations (a i 1 , . . . , a i l ) of the parts of α.
The following lemma allows to compute the coefficients of that linear combination. Proof. Denote the sum on the left-hand side of (2.12) as C(α). Assume first that k i = 1 (i = 1, . . . , r). Then for r = 2,
By induction for general α with all distinct parts we show that (â k means that the factor a k is omitted). Now suppose that not all of k i = 1 in α. For simplicity of the argument, let us assume that k 1 = 1, and the rest of k i = 1. Then consider α ε = (a 1 + ε 1 , a 1 + ε 2 , . . . , a 1 + ε k 1 , a 2 , . . . , a r ) with such values of ε i that all the terms of α ε are distinct. C(α ǫ ) is a rational function of (ε 1 , . . . ε k 1 ). When all ε i → 0,
On the other hand,
where the sum is taken over all permutations of the set {1, 2, . . . , r}. By generalizing this argument one can show that if α has distinct parts {a 1 , . . . , a r } with the corresponding multiplicities {k 1 , . . . , k r }, the value of C(α) is given by the formula
Applying Lemma 2.4 and rewriting the partition α in the form α = (1 m 1 , 2 m 2 , . . . ), we get the statement of Proposition 2.1.
Formula for Ω[−1]
n We use notation ad τ for the operator f → [τ, f ] acting on U(ô 2n ). 
where we use the notations α = (1
Example 3.1. For n = 2 the partitions that contribute to the sum of the formula are α = β = ∅ and α = β = (1). Accordingly, in o 4 we get
For n = 3 the partitions that contribute to the sum of the formula are α = β = ∅; α = β = (1); α = (2), β = (1) or α = (1), β = (2). Accordingly, in o 6 we get
Proof.
Denote as
One has: 
Also notice that since Ω[−1]
n is a form of full degree, the number of parts α and β in non-zero terms is the same: l(α) = l(β) = l. This completes the proof of the theorem. 
Also we define for subsets I = (i 1 < · · · < i l ) of {−n, . . . , −1} the elements
Lemma 4.1. For partitions α, β and for r ∈ Z + ,
Proof. The first and the second equalities follow from the definitions (4.1-4.2), and the proof of the third equality repeats word-to-word the proof of Proposition 4.5. in [4] if we observe
j=−n η j e −j , where 
This example illustrates that Theorem 3.1 can be used to compute the Pfaffian PfF [−1]: we find by that theorem the value of Ω[−1] n , and then by Lemma 2.1, the coefficient of the monomial e −n e −n+1 . . . e n−1 e n in Ω[−1] n is 2 n n! PfF [−1]. For the sake of completeness we write explicitly the general formula for that coefficient (c.f. Theorem 4.7 in [4] ), though it involves more technical notations. The statements of Theorems 3.1 above and 4.1 below are equivalent.
If I = (i 1 < · · · < i k ) is a string of elements of subset of of {−n, . . . , −1} written in increasing order, denote as −I = (−i 1 > · · · > −i k ). Consider subsets J, I 1 , I 2 , J 1 , J 2 of {−n, . . . , −1} that satisfy the properties:
Write the elements of strings [J, J 2 , I 2 ] exactly in that order. We denote by sgn (J, J 2 , I 2 ) the sign of the permutation of the elements of this string that puts them in the increasing order (−n, . . . , −1). Similarly, sgn (−I 1 , −J 1 , −J ) is the sign of the permutation of the elements of this string that puts them in the increasing order (1, . . . , n). 
the third sum is taken over subsets J, I 1 , I 2 , J 1 , J 2 of {−n, . . . , −1} that satisfy the properties (4.3, 4.4) .
Proof. Using for a subset I = (i 1 < · · · < i k ) of {−n, . . . , −1} the notations e I = e i 1 . . . e i k , e −I = e −i e J e −J e −I 1 e J 2 e −J 1 e I 2 = e J e J 2 e I 2 e −I 1 e −J 1 e −J . By comparing the order of the terms of this monomial with the monomial e −n e −n+1 . . . e −1 e 1 . . . e n−1 e n we get formula (4.5).
Harish-Chandra image of the Pfaffian
The Feigin-Frenkel center z(ô 2n ) is a commutative subalgebra of U(t 
